Abstract. We prove that the set of all functions/: [-1, l]-»[-l, 1] operating on real positive definite matrices and normalized such that/(l) = 1, is a Bauer simplex, and we identify its extreme points. As an application we obtain Schoenberg's theorem characterising positive definite kernels on the infinite dimensional Hubert sphere.
In his famous paper Positive definite functions on spheres [6], I. J. Schoenberg proved the following result: every continuous function/: [-1, 1]-»R which has the property that /«x, y}) is a positive definite kernel on the infinite dimensional Hubert sphere, has a power series representation with nonnegative coefficients. He obtained this result by first proving finite dimensional analogues involving ultraspherical polynomials and then going to the limit. As a by-product he acquired this representation for all continuous functions operating on positive definite matrices.
In the present paper we get a slightly more general result (without continuity assumptions) in a completely different way. Our main result is that the set of all functions on [-1, 1] operating on positive definite matrices and normalized in a suitable way forms a Bauer simplex (i.e. a Choquet simplex whose set of extreme points is closed) and that the monomials t h» tn together with their two limit points are precisely the extreme points of this simplex (Theorem 1). Using an approximation argument we obtain Schoenberg's theorem for the infinite dimensional Hubert sphere (Theorem 2). Theorem 3 finally characterises the functions of the form 1 -/, where f((x,y}) is positive definite on the Hilbert sphere and/(l) = 1.
Some related results have been proved by Rudin and Horn. Rudin [5] Therefore Kx:= {/ E C,|/(l) = 1} is a compact convex base for the cone Cx.
In order to prove our main result, Theorem 1 below, which identifies the extreme points of Kx, we need two lemmas which we prove first. Lemma 1. For all n E 2N0 + 1 the kernel (s, t) h» |cos(j -t)\" on R2 is not positive definite. For all n E 2N the kernel
is not positive definite.
Proof. We only prove the first statement. That the second one is also true can be seen in a completely analogous way. Let n E 2N0 + 1 and assume that |cos(s -t)\" is positive definite on R2. By Bochner's theorem (cf. [2] ) there exists a symmetric probability measure ju on R such that |cos t\n = (°° e"x d[i(X) -f °° cos(tX)dix(X) for all t E R.
•'■-co J-oo Then f belongs to Kx.
Proof. Let (a¡J) be a positive definite k X Ä>matrix, \a¡\ < 1 for all i,j = \,...,k and let (cx,..., ck) E Rk. We have to show that 1¡k¡J=xcicJ(aif) > 0. There exist vectors xx,..., xk E Rk such that a» = <x,-, xf) V/,/. Without loss of generality we assume that H = /2(N) and define x,a = (x,a(l), x,a(2),... ) E H, 1 < i < k, 1 < a < « (« being some fixed natural number) by implying that K2 is a compact convex base for the cone C2. where the ju/s are Radon probability measures on K0, concentrated on the closed subset T (see the proof of Theorem 1 above for the definition of K0 and T) and where fi, denotes the transform of ¡i, in the sense of [1, §1] . From Remark 3.9 and Proposition 3.10 in [l] we conclude that g is negative definite on the semigroup [-1, 1] and g(s)=f (I -p(s)) dp(p) VjE [-1,1] where the finite positive Radon measure u is the vague limit of (¡it\K0\ )) is positive definite whenever (ay) is positive definite and 0 < au < I for all /,/, is a Bauer simplex whose extreme points consist of the monomials and their limit l^Xy Theorems 2 and 3 also have their obvious counterparts.
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